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and squeezed states
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Characteristic uncertainty relations and their related
squeezed states are briefly reviewed and compared in ac-
cordance with the generalizations of three equivalent def-
initions of the canonical coherent states. The standard
SU(1,1) coherent states are shown to be the unique states
that minimize the Schro¨dinger uncertainty relation for
every pair of the three generators and the Robertson
relation for the three generators. The characteristic un-
certainty inequalities are naturally extended to the case
of several states. It is shown that these inequalities can
be written in the equivalent complementary form.
OSIC codes: 270.6570, 270.0270.
1. INTRODUCTION
The uncertainty principle is a basic feature of quan-
tum physics. It was introduced by Heisenberg1,
who demonstrated an impossibility of the simulta-
neous precise measurement of the coordinate (q)
and momentum (p) canonical observables by posit-
ing an approximate relation ∆p∆q ∼ h¯, where h¯ is
the Planck constant. This relation was rigorously
proved by Kennard2 in the form of the inequality
(∆p)2(∆q)2 ≥ h¯2/4, where (∆X)2 is the variance
(dispersion) of the observable (Hermitian operator)
X . Robertson3 extended this inequality to arbitrary
pair of operators X and Y ,
(∆X)2(∆Y )2 ≥ 1
4
|〈[X,Y ]〉|2 . (1)
The Heisenberg–Kennard–Robertson inequality1–3
(1) became known as the Heisenberg indeterminacy
or uncertainty relation (UR) for X and Y , and here
we shall follow this tradition.
According to inequality (1) the product of the
uncertainties (precisions) ∆X and ∆Y of the mea-
surements of two quantum observables in one and
the same state is not less than one half of the
absolute mean value of the associated observable
C = −i[X,Y ]. Therefore this UR makes a statement
about the preparation of a quantum state. However,
by using the technique of positive operator-valued
measure in measurement theory, one can extend UR
(1) (with appropriately redefined notions of preci-
sions ∆X and ∆Y ) to the joint measurement of two
observables in the form of a slightly more stringent
inequality4, with one half instead of one fourth on
the right-hand side of inequality (1).
The UR’s are formal expressions of the uncer-
tainty principle in quantum physics1–3 and impose
naturally fundamental limitations on the accuracy of
measurements and telecommunications. This prob-
lem became of practical importance because of, e.g.,
experimental efforts to detect gravitational waves5,6.
The main problem is how to optimize the intrinsic
quantum fluctuations in the measurement process.
Significant progress has been achieved in this direc-
tion in the last two decades by use the squeezed state
technique5,6. The concepts of squeezed state5–7 (SS)
came from the observation that the equality in the
Heisenberg UR for the canonical observables p and
q can be maintained if the fluctuations of one of the
two observables are reduced at the expense of the
other. So the UR’s play a dual role: They cause
limitations on the measurement precision and in the
same time indicate ways to improve the accuracy of
the measurement devices. Thus a further study of
the known UR’s and their generalizations is of both
theoretical and practical importance.
In this paper recent developments in the field of
generalized SS’s and UR’s are considered and some
new results are reported. The concept of SS’s is
closely related to that of coherent states8,9 (CS’s)
introduced in 1963 patterned on the example of elec-
tromagnetic field oscillators in the pioneering works
by Glauber, Klauder and Sudarshan (see Ref. 8,
where a comprehensive list of references and reprints
of selected articles is provided). The SS’s for the
canonical observables (the canonical SS’s) are the
unique one-mode states for which the three defini-
tions of the canonical CS’s (Refs. 8 and 9) are equiv-
alently generalized, as is true in the multimode case
as well10.
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The paper is organized as follows. The basic prop-
erties of the canonical CS’s and canonical SS’s are
briefly reviewed in Section 2. A new inequality is
pointed out, the minimization of which determines
the canonical CS’s uniquely. In Section 3 we con-
sider the canonical SS’s and show that they can be
defined in three equivalent ways. The generaliza-
tion of the SS to the case of arbitrary two observ-
ables on the basis of the more precise Schro¨dinger (or
Schro¨dinger–Robertson) UR11 is considered in sec-
tion 4. SS’s for several observables on the basis of
Robertson UR for n observables are discussed in Sec-
tion 5. The extension of the Schro¨dinger–Robertson
UR’s to all characteristic coefficients of the uncer-
tainty matrix and to the case of two and several
states is the subject of Section 6. Some applica-
tions of the ordinary and state-extended character-
istic UR’s are outlined; the main applications are the
construction of observable induced metrics between
quantum states and the finer classification of states,
in particular of group–related CS’s8.
2. THE CANONICAL CANONICAL COHER-
ENT STATES
The important overcomplete family {|α〉} of canon-
ical CS’s |α〉, α ∈ C (called also Glauber CS’s), can
be defined in three equivalent ways8,9:
(D1) As the set of eigenstates of boson destruction
operator (the ladder operator) a: a|α〉 = α|α〉,
(D2) As the orbit through the ground state |0〉
(a|0〉 = 0) constructed by use of the unitary dis-
placement operators D(α) = exp(αa†−α∗a): |α〉 =
D(α)|0〉.
(D3) As the set of states which minimize the
Heisenberg inequality (1) for the Hermitian compo-
nents p and q of a with equal uncertainties ∆q = ∆p
(a = (q + ip)/
√
2; henceforth we work with dimen-
sionless observables).
Let us note that in the definition (D3) one requires
the minimization of inequality (1) for p, q plus the
equality of the two variances. The set of states which
minimize inequality (1) for p, q is much larger9. It
is worth looking for another UR, the minimization
of which determines the CS’s |α〉 uniquely. Such UR
turned out to be the inequality
(∆q)2 + (∆p)2 ≥ 1, (2)
which follows from the obvious sequence (∆q)2 +
(∆p)2 ≥ 2∆p∆q ≥ 1, and therefore is less precise
than the Heisenberg inequality ∆p∆q ≥ 1/2.
The overcompleteness property reads (α = α1 +
iα2, d
2α = dα1dα2)
1 =
∫
|α〉〈α|dµ(α), dµ(α) = 1
π
d2α. (3)
One may say that the family {|α〉} resolves the unity
operator with respect to the measure dµ(α) (over-
completeness of {|α〉} in the strong sense8). This
relation provides the important analytic representa-
tion, known as canonical CS representation or the
Fock-Bargmann analytic representation, in which
a = d/dα, a† = α and the state |Ψ〉 is represented
by the function Ψ(α) = exp(|α|2/2)〈α∗|Ψ〉. In the
years 1963-64 Klauder (see the references in Ref. 8)
developed a general theory of the continuous repre-
sentations and suggested the possibility of construct-
ing overcomplete sets of states by use of irreducible
representations of Lie groups.
There are at least three different ways (methods)
of generalizing the canonical CS’s that correspond
to definitions (D1)–(D3) above9:
(D′1). The diagonalization of a non-Hermitian op-
erator L 6= L† (the eigenstate way, or the ladder
operator method). The corresponding overcomplete
(in the weak or strong sense8) families of states could
be called L CS’s or ladder operator CS’s.
(D′2). The construction of orbit {|~z〉} through
a fixed vector |ψ0〉 of a family of unitary opera-
tors D(~z) ( orbit way or the displacement operator
method). The corresponding CS can be called D
CS’s or displacement operator CS’s.
(D′3). The minimization of appropriate UR
F [ψ] ≥ 0, where F [ψ] is a functional of states |ψ〉
(the uncertainty way). The corresponding overcom-
plete families of states could be called U CS’s or
(optimal) uncertainty CS’s.
The first two methods, especially the second of
these, have received considerable attention and have
been videly applied to various fields of physics8,9,
whereas the third one received significant atten-
tion only recently; see Refs. 12-25 and References
therein. The developments of the second approach
is thoroughly discussed in Refs. 8 and 9. There-
fore in Section 3 I provide a brief review of the main
steps in the first and the third ways only, noting
main relationships between the three general defini-
tions (D′). It appears that the (multimode) canon-
ical SS’s are the unique states, for which the three
definitions (D1) − −(D3) are equivalently general-
ized. It is worth noting that some authors (e.g.,
those of Ref. 9) were pessimistic about the possibil-
ity of effective and useful generalization of the third
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defining property of canonical CS’s to the case of
more-complicated systems.
3. THE CANONICAL SQUEEZED STATES AS
L, D, and U COHERENT STATES
Canonical CS |α〉 diagonalizes the operator a,
[a, a†] = 1, which is the ladder operator in
the harmonic oscillator algebra ho(1) spanned by
{1, a, a†, a†a}. The subalgebra spanned by {1, a, a†}
is known as the Heisenberg–Weyl algebra, h(1). This
was the first and seminal example of diagonaliza-
tion of a non-Hermitian operator. We stress that
the eigenstates of a and of other non-Hermitian op-
erators are not orthogonal; the term ”diagonaliza-
tion” is used for brevity and in analogy to the case
of Hermitian operators. Chronologically the second
example of L CS, to the best of the author’s knowl-
edge, was given in Refs. 26 and 27, where the di-
agonalization of the real and stationary26 and com-
plex and time-dependent27 combinations of opera-
tors a, a† has been performed (α ∈ C),
A(t)|α; t〉 = α|α; t〉,
A(t) = u(t)a+ v(t)a† = A(u, v).
(4)
The operator A(t) was constructed27 as a non-
Hermitian invariant for the quantum varying
frequency oscillator with Hamiltonian H =
(1/2)
(
p2 + ω2(t)q2/ω20
)
, i.e., A(t) had to obey the
equation ∂A/∂t− i[A,H ] = 0. To satisfy this condi-
tion, the parameter ε = (u−v)/√ω0 was introduced
and forced to obey the classical oscillator equation
ε¨+ω2(t)ε = 0. Here H is also dimensionless, and ω0
is a frequency parameter that may be taken as ω(0).
The dimensional Hamiltonian is h¯ω0H . The boson
commutation relation [A,A†] = 1 was ensured by the
Wronskian ε∗ε˙ − εε˙∗ = 2i. Then ε˙ = i(u + v)√ω0,
|u|2 − |v|2 = 1, and A(t) = U(t)A(0)U †(t), where
U(t) is the evolution operator and A(0) = u0a+v0a
†.
In the coordinate representation the wave func-
tions take the form of an exponential of a quadratic27
(for the reader’s convenience in this formula we re-
store the dimensions x = q
√
h¯/m0ω0, m0 being a
mass parameter)
Ψα(x, t) = 〈x|α; t〉 = (πl
2
0)
−1/4
(u − v)1/2
× exp

− 1
2l20
v + u
u− v
(
x−
√
2 l0α
u+ v
)2
× exp
[
1
2
(
u∗ + v∗
u+ v
α2 − |α|2
)]
, (5)
where l0 = (h¯/m0ω0)
1/2 (a length parameter). Note
that the time dependence is embedded completely
in u(t) and v(t) [or, equivalently, in ε(t) and ε˙(t)]
which justifies the notation |α; t〉 = |α, u(t), v(t)〉.
The wave functions [Eq. (5)] represent the time
evolution of the canonical CS’s |α〉 if the initial
conditions27 ε(0) = 1/
√
ω0, ε˙(0) = i
√
ω0 are im-
posed [then u(0) = 1, v(0) = 0]. Under these condi-
tions |α, u(t), v(t)〉 = U(t)|α〉. Time evolution of an
initial |α, u0, v0〉 for quadratic Hamiltonian system
was studied in Ref. 7, where eigenstates of ua+ va†
were denoted as |α〉g. The invariant A(t) in Ref.
27 coincides with the boson operator b(t) in Ref.
7. For different purposes invariants and wave func-
tions for one-dimensional time-dependent quadratic
systems were later studied in many papers28,29. So-
lutions to the Schro¨dinger equation for the nonsta-
tionary systems have been previously obtained, e.g.,
by Husimi and Chernikov30, but with no reference to
the eigenvalue problem and the invariants. Gaussian
wave functions such as Eq. (5) have been studied by
Schro¨dinger31 and Kennard2.
The nonstationary oscillator Hamiltonian is an
element of the noncompact algebra su(1, 1) in the
representation with Bargmann indices k = 1/4, 3/4,
where the generators are (K± = K1 ± iK2)
K3 = a
†a/2 + 1/4, K− = a
2/2, K+ = a
†2/2.
Therefore U(t) ∈ SU(1, 1) and
the set {|α, u(t), v(t)〉} is an SU(1, 1) orbit through
the initial CS |α;u0, v0〉. At u0 = 1, v0 = 0 this is
an orbit through |α〉 = D(α)|0〉,
|α, u(t), v(t)〉 = U(t)|α〉 = U(t)D(α)|0〉. (6)
The parameters u and v refer to the SU(1,1), and α
refers to the Heisenberg–Weyl group H(1). The op-
erator U(t)D(α) belongs to the semidirect product
SU(1,1)∧H(1); therefore the set of states |α, u, v〉 is
an orbit of the group SU(1,1)∧H(1)10,32. This es-
tablishes the equivalence of the first two definitions
(D′1) and (D′2) for the states |α, u, v〉.
For non-quadratic Hamiltonians the invariant
(the new boson annihilation operator) A(t) =
U(t)A(0)U †(t) is not linear in a and a† and its eigen-
states are no more of the form |α, u(t), v(t)〉33,10.
Therefore the term ”coherent states for the nonsta-
tionary oscillator”27 for |α; t〉 = |α, u, v〉 is indeed
adequate. The Hermitian components P (t) andQ(t)
of A(t) are also invariant, obey the canonical com-
mutation relations [Q(t), P (t)] = i, and have the
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physical meaning of coordinates of the initial point
in the phase space33. Nonlinear realizations of boson
operators A(k) (k-photon operators) are considered
in the first paper of Ref. 35.
The orthonormalized eigenstates |n, u, v〉 of the
quadratic invariantA†(t)A(t) (an element of su(1,1))
were also constructed in Ref. 27. Note that any
power of A(t) and A†(t) is again an invariant. In
particular A†(t)A(t) coincides with the Ermakov–
Lewis invariant36. At the appropriate initial condi-
tions the eigenstates of A†(t)A(t) represent the time
evolution of the Fock states |n〉.
For the s-dimensional quadratic system there are
s linear in aµ and a
†
µ invariants Aµ(t) = uµν(t)aν +
vµν(t)a
†
ν ≡ Aµ(u, v), which were simultaneously
diagonalized37,
Aµ(u, v)|~α, u, v〉 = αµ|~α, u, v〉, µ = 1, . . . , s.
(7)
The wave functions 〈~x|~α, u, v〉 are s dimensional
Gaussians. This set of states is an orbit of the group
Sp(s,R)∧ H(s) through the s dimensional vacuum
state |0〉. In Section 4 we shall see that it can be
considered family of U CS’s related to the Robert-
son UR for 2s canonical observables38. Invariants
and wave functions for nonstationary s-dimensional
quadratic systems were later studied by many au-
thors (see Ref. 28 and references therein).
By means of the known BCH formula for
the transformation S(ζ)aS†(ζ) = cosh |ζ| a −
sinh |ζ| exp(iϕ) a†, ζ = |ζ| exp(iϕ), with the opera-
tor S(ζ) = exp[(ζa†2−ζ∗a2)/2] = exp(ζK+−ζ∗K−)
the solutions |α, u, v〉 for the one-dimensional os-
cillator systems are immediately brought, up to a
phase factor, to the form of famous Stoler states
|ζ, α〉 = S(ζ)|α〉 (Ref. 39) with cosh|ζ| = |u|, ϕ =
arg v − arg u,
|α, u, v〉 = exp(iargu) exp(ζK+ − ζ∗K−)|α〉.
(8)
Yuen7 called the eigenstates |α, u, v〉 of ua+ va†
two photon CS’s and suggested that the output
radiation of an ideal monochromatic two photon
laser is in a state |α, u, v〉. Hollenhorst5 named
these states squeezed states to reflect that they
exhibit fewer fluctuations in q or p than those in
CS |α〉. It is convenient to call these SS’s canon-
ical. They were intensively studied in quantum
optics and are experimentally realized (see refer-
ences in Ref. 40). The eigenstates |n, u, v〉 of
(ua + va†)†(ua + va†) became known as squeezed
Fock states (|n=0, u, v〉 – squeezed vacuum) and the
operator S(ζ) as a (canonical) squeeze operator40,9.
Eigenstates |~α, u, v〉 [Eq. (7)] are known as multi-
mode (canonical) SS’s41.
Radcliffe and Arecchi et al42 introduced and stud-
ied the SU(2) analog of the states |α = 0, u, v〉 in
the similar form to that of Stoler states [Eq (8)]
i.e., spin CS’s or atomic CS’s. The results of Ref.
42 about the SU(2) CS’s have been extended by
Perelomov43 to the noncompact group SU(1,1) and
to any Lie group G as well; he succeeded in prov-
ing the Klauder suggestion for construction of over-
complete families of states by using unitary irre-
ducible representations of Lie groups [group-related
CS’s (Ref. 8)]. For the discrete series D(+)(k) of
SU(1,1), k = 1/2, 1, . . ., and the lowest-weight refer-
ence vector these CS’s [CS’s with maximal symmetry
or the standard SU(1,1) CS’s] take a form similar to
Eq. (8):
|ξ; k〉 = exp(ζK+ − ζ∗K−)|k, k〉
= (1 − |ξ|2)k exp(ξK+)|k, k〉, (9)
where |ξ| = tanh|ζ| ∈ D1, argξ = −argζ + π. The
relation of these CS’s to the U CS’s, definition (D′3),
was established later15,22 on the basis of Schro¨dinger
and Robertson UR’s (see Section 4 below).
The third and seminal example of diagonaliza-
tion of non-Hermitian operator was given in 1971
by Barut and Girardello44, where they constructed
the eigenstates of the SU(1,1) ladder operator K−
in the discrete series D(±)(k) and proved the over-
completeness of its eigenstates |z; k〉,
|z; k〉 = NBG
∞∑
n=0
zn
(n!Γ(2k + n))1/2
|k, k + n〉,
(10)
where NBG = [Γ(2k)/0F1(2k; |z|2)] 12 , and 0F1(c; z)
is the confluent hypergeometric function. The
family of Barut–Girardello (BG) CS’s |z; k〉 re-
solves the unity operator and provides a new
analytic representation44, which has been used
in the diagonalization of more general suc(1,1)
operators15,19,21–23. This representation was re-
cently extended to the boson realizations of the
higher dimensional algebras u(N, 1)45 and u(p, q)46.
For further developments in the direction of L-
CS’s, including the cases of Weyl ladder operators
for the q-deformed hq, suq(2) and suq(1,1), see, e.g.,
the brief review in Ref. 47 and references therein.
The nonlinear CS’s48, which have enjoyed increasing
interest recently49, are also defined as eigenstates of
non-Hermitian operators.
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Every set of eigenstates |z〉 of a fixed non-
Hermitian operator L, L|z〉 = z|z〉, in particular the
set of nonlinear CS’s48,49, the BG CS’s |z; k〉 and
their q–deformed extension, can be also defined ac-
cording to (D′3) with equal variances of the Hermi-
tian components X and Y of L, L = X + iY , on the
basis of UR (1). The requirement of equal variances
may be omitted if one finds a suitable less-precise
inequality. It turned out that these same L CS can
be uniquely defined as states which minimize the
less-precise UR
(∆X)2 + (∆Y )2 ≥ |〈[X,Y ]〉| (11)
for the components of L. The proof of inequal-
ity (11) consists in the observation that (∆X)2 +
(∆Y )2 ≥ 2∆X∆Y ≥ |〈[X,Y ]〉|. The minimization
of inequality (11) occurs in the states with equal ∆X
and ∆Y only: (∆X)2 = (∆Y )2 = |〈[X,Y ]〉| /2. In
general the representation of L CS’s as D CS’s is
not possible, as proved for the family of BG CS’s
|z; k〉23.
The larger family of canonical SS’s |α, u, v〉 can
be uniquely determined12,10 in the third equivalent
way (as U CS) on the basis of the more-precise
Schro¨dinger UR11 for p and q,
(∆p)2(∆q)2 − (∆pq)2 ≥ 1/4, (12)
where ∆pq is the covariance of p and q, ∆pq =
〈pq + qp〉/2 − 〈p〉〈q〉. The three second moments
of p and q in |α, u, v〉 do not depend on α and
read as12 (∆q)2 = 12 |u − v|2, (∆p)2 = 12 |u + v|2,
∆pq = −Im(uv∗). In other parameters they were
calculated by Kennard2, Stoler39, in Ref. 10, and
in Ref. 34. The above moments saturate inequality
(12) identically with respect to u, v. One sees that
the variance of p (q) tends to zero when v → −u
(v → u). Therefore these states can be called q–p
ideal SS’s.
By construction, the set {|α, u, v〉} is stable un-
der the action of the evolution operator U(t) of
the varying frequency oscillator, U(t)|α, u0, v0〉 =
|α, u(t), v(t)〉. It was shown10 that the most general
Hamiltonian that keeps the canonical SS’s stable is
quadratic in p and q. If the time evolution is gov-
erned by a time-dependent quadratic Hamiltonian
H(t) = g1(t)p
2+g2(t)(pq+qp)+g3(t)q
2 [where gi(t)
are arbitrary differentiable functions] then an ini-
tial wave function of the form of Eq. (5), an initial
SS, keeps this form for later times with some time-
dependent u(t) and v(t). Here again the time de-
pendence of the wave function Ψα(x, t) is completely
embedded into parameters u(t) and v(t). u(t) and
v(t) can be expressed in terms of gi(t) and a classi-
cal function ε(t), which obeys the oscillator equation
ε¨+Ω2(t)ε = 0 with ”frequency”37 Ω2(t) = 4ω20g1g3+
2ω0g2g˙1/g1+ g¨1/2g1− 3g˙21/4g21− 4ω20g22 − 2ω0g˙2 and
Wronskian ε∗ε˙−εε˙∗ = 2i. Here gi(t) are dimension-
less, [ε] = [ω0]
−1/2.
It is worth noting that the essential state param-
eters of SS |α, u, v〉 (up to a phase factor) are four:
In view of u 6= 0 one can rescale the parameters in
Eq. (4) by dividing both sides by u. These param-
eters can be chosen in the form of two canonically
conjugated pairs of classical observables10: 〈p〉, 〈q〉
and p˜ = ∆pq/∆q, q˜ = ∆q. For quadratic systems
they satisfy the classical equations with Hamilto-
nian function H = 〈v(t), u(t), α|H |α, u(t), v(t)〉 =
H(〈p〉, 〈q〉, p˜, q˜),
d〈p〉
dt
= − ∂H
∂〈q〉 ,
d〈q〉
dt
=
∂H
∂〈p〉 , (13)
dp˜
dt
= −∂H
∂q˜
,
dq˜
dt
=
∂H
∂p˜
. (14)
The stable evolution of quantum SS’s is governed by
these classical canonical equations. The time evolu-
tion of squeezing is controlled by the classical eqs.
(14). If one restores the dimensions, one finds that
in the limit h¯ = 0 the noisy variables p˜ and q˜ vanish,
whereas the Eq. (13) recover the canonical classical
equations with quadratic Hamiltonian function.
A sequence of different subsets of {|α, u, v〉} can
be determined uniquely from the sequence of the
UR’s considered above: [(∆p)2 + (∆q)2]2/4 ≥
(∆p)2(∆q)2 ≥ (∆p)2(∆q)2 − (∆pq)2 ≥ 1/4.
Thus the family of canonical SS’s can be regarded
equivalently as L CS’s (L = ua + va†), D CS’s
(D = exp[(ζa†2 − ζa2)/2] exp(αa† − α∗a)), and U
CS’s (Schro¨dinger U CS, Schro¨dinger optimal un-
certainty states, correlated states12 or Schro¨dinger
intelligent states15,19, the term ”intelligent states”
being introduced in Ref. 50).
4. SCHRO¨DINGER INEQUALITY AND
SQUEEZED STATES FOR TWO GENERAL
OBSERVABLES
The concept of SS has been extended to noncanon-
ical pair of observables, in particular to two gen-
erators of an arbitrary Lie group13 on the basis of
the equality in the Heisenberg UR: A set of SS’s
for two observables (Hermitian operators) X and Y
was defined as the set of solutions to the eigenvalue
equation (X + iλY )|z, λ〉 = z|z, λ〉, where λ is real
5
parameter. Solutions to this equation for X and
Y , the quadratures of a2, were constructed in Ref.
14. A criterion was proposed13 according to which a
state |ψ〉 is squeezed if (∆X)2 or (∆Y )2 is less than
|〈[X,Y ]〉|/2. This construction was generalized and
refined in Ref. 15. The points are that the equal-
ity in inequality (1) is not invariant under the lin-
ear transformations of X and Y , in particular under
the linear canonical transformations17 and the in-
equality (∆X)2 ≤ |〈[X,Y ]〉|/2 can hold15,22 for very
large values of the fluctuation (∆X)2. For example,
the standard SU(1,1) CS |ξ; k〉 can exhibit strong
squeezing according to the Eberly-Wodkiewicz crite-
rion, whereas the fluctuations (∆K1)
2 and (∆K2)
2
are always grater than or equal to their value of k/2
in the ground state |k, k〉15. Besides, the Heisenberg
UR for K1 and K2 is not minimized in every CS
|ξ; k〉.
The appropreate UR to be used for the definition
of SS’s for two general observables X and Y is that
of Schro¨dinger (or Schro¨dinger–Robertson)11,
(∆X)2(∆Y )2 ≥ 1
4
|〈[X,Y ]〉|2 + (∆XY )2, (15)
where ∆XY ≡ 〈XY + Y X〉/2 − 〈X〉〈Y 〉 is the co-
variance of X and Y . It is more precise than in-
equality (1) and is reduced to that inequality when
∆XY = 0. The set of X–Y SS’s was defined15 as
the set of states that minimize inequality (15). Such
minimizing states were called generalized intelligent
states in Ref. 15. They could also be called X–Y
correlated states12 or (Schro¨dinger) optimal uncer-
tainty states (optimal US). It was established that
the X–Y SS’s can be defined as solutions to the
equations (λX + iY )|ψ〉 = z|ψ〉, where λ is complex
parameter. To include the eigenstates of X , when
they exist, one has to relax this condition slightly:
[u(X − iY ) + v(X + iY )] |z, u, v〉 = z|z, u, v〉,
(16)
u, v, z ∈ C. The three second moments of X and Y
in solutions |z, u, v〉 read as
(∆X)2 =
1
2
|u− v|2
|u|2 − |v|2 i〈[X,Y ]〉,
∆XY =
Im(u∗v)
|u|2 − |v|2 i〈[X,Y ]〉.
(∆Y )2 =
1
2
|u+ v|2
|u|2 − |v|2 i〈[X,Y ]〉.
(17)
It turned out that the standard SU(1,1) and SU(2)
CS’s also minimize the Schro¨dinger inequality for
the generatorsK1, K2 and J1, J2 respectively
15. For
example, the SU(1,1) CS’s |ξ; k〉 are a particular case
of the K1–K2 optimal US |z, u, v; k〉 corresponding
to z = −2k√−uv and ξ = (−v/u)1/2.
The optimal US |z, u, v〉 can exhibit arbitrary
strong squeezing of X and Y when the parameter
v tends to ±u 15. Therefore the family of |z, u, v〉 is
a family of X–Y ideal SS’s. It is worth noting an
important application of the Ki–Kj and Ji–Jj op-
timal US in the quantum interferometry: As shown
by Brif and Mann the SU(1,1) and SU(2) intelli-
gent states |z, u, v〉 which are not group-related CS’s
can greatly improve the sensitivity of the SU(2) and
SU(1,1) interferometers51. Schemes for generation
of SU(1,1) and SU(2) optimal US of radiation field
can be found, e.g., in Refs. 23, 51, and 52.
From (∆X)2 ≥ 0 and Eqs. (17) it follows that
if the commutator i[X,Y ] is positive (negative) def-
inite then normalized eigenstates of u(X − iY ) +
v(X + iY ) exist for |u| > |v| (|u| < |v|) only22. In
such cases one can rescale the parameters and put
|u|2−|v|2 = 1 (|u|2−|v|2 = −1) as one normally does
in the canonical case. It is also seen from Eqs. (17)
that in the states with large |〈[X,Y ]〉| the variances
of both X and Y can be large. Thus the frequently
used term ”minimum uncertainty states” for states
that minimize inequality (1) or (15) is in fact ade-
quate in the case of canonical observables only: In
general the lowest level, ∆0 ≤ ∆X = ∆Y , can be
reached in some subsets of |z, u, v〉. It then is natu-
ral for a given state to be considered squeezed if ∆X
or ∆Y is less than ∆0
15,23.
The family of Schro¨dinger optimal US for the two
quasi-spin operators K1 and K2 in the series D
+(k)
was first constructed, up to a normalization factor,
in Ref. 15, and for the spin operators J1 and J2 in
Ref. 50 (with no reference to Schro¨dinger inequal-
ity). For the quadratures of a2 the states |z, u, v〉
were constructed in Ref. 20 and in fact Ref. 15. The
even and odd CS’s53, which are the first examples
of the intensively discussed macroscopic superposi-
tions (see, e.g., Refs. 46, 49, and 54 and references
therein), saturate inequality (15) with vanishing co-
variance because they are eigenstates of a2. Min-
imization of inequality (15) for the quadratures of
the q-deformed boson operator aq is considered in
Ref. 55, and for the quadratures of the q-deformed
su(1,1) ladder operator K−(q) in Ref. 47.
Finally in this section, let us note that the mini-
mization of the three UR’s with increasing precision,
inequalities (11), (1) and (15),
1
4
[(∆X)2 + (∆Y )2]2 ≥ (∆X)2(∆Y )2 ≥
6
(∆X)2(∆Y )2 − (∆XY )2 ≥ 1
4
|〈[X,Y ]〉|2 ,
determines naturally a sequence of subsets of
{|z, u, v〉}. One has
{|z〉} ⊂ {|z, u, v〉|Imuv∗=0} ⊂ {|z, u, v〉}, (18)
where the smallest subset {|z〉} consists of states |z〉
that minimize the less precise UR [inequality (11)].
These are solutions to any of the two eigenvalue
equations (X ± iY )|z〉 = z|z〉, and, in the case of
X = q, Y = −p (X = K1, Y = K2), coincide with
the Glauber CS’s (BG CS). They are the eigenstates
|z〉 that are the extension of the Glauber CS’s to any
two observables; The nontrivial example is given by
the BG CS’s |z; k〉. However the set of |z〉 is not
always continuous. Nevertheless, this set of eigen-
vectors may still be ”complete” in the finite Hilbert
space, as one readily sees in the case of spin 1/2, for
example.
5. ROBERTSON INEQUALITY AND
SQUEEZED STATES FOR n OBSERVABLES
Two Hermitian operators (two observables) never
close an algebra. Even in the simplest case of
Heisenberg–Weyl algebra h(1) in fact the operators
are three: p, q and 1 (the identity). Physical systems
with higher symmetry are described by three and
more independent observables. It was Robertson38
who first realized that there must be an UR ”for
all observables under consideration”, ”for we can-
not in general expect that the conditions necessary
to insure minimum uncertainty in one pair will be
consistent with those which insure the minimum in
other pairs”. The relation that Robertson found for
n observables X1, X2, . . . Xn reads as
detσ( ~X) ≥ detC( ~X), (19)
where ~X ≡ (X1, X2, . . . , Xn), σ( ~X) is the n×n ma-
trix of the second moments of observables, σij =
〈XiXj + XjXi〉/2 − 〈Xi〉〈Xj〉 ≡ ∆XiXj , i, j =
1, 2, . . . , n, and C( ~X) is the n × n matrix of the
first moments of the commutators [Xi, Xj ], Ckj =
− i2 〈[Xk, Xj ]〉. For n = 2, inequality (19) coincides
with (15). With minor changes the Robertson proof
of inequality (19) is provided in the appendix of Ref.
47.
The Schro¨dinger UR proved to be efficient in
defining the ideal SS for two observables15, which
encouraged us to define the SS’s for several general
observables as states that minimize Robertson UR
(19)23. The latter definition is more effective for the
even number of observables, n = 2s, because for odd
number the right-hand side of UR (19) is vanishing.
The minimization of UR (19) is considered in detail
in Ref. 22, where the minimizing states are called
Robertson intelligent states22 or Robertson optimal
US’s47. For even-number n = 2s the minimizing
states are eigenstates of one real or s complex linear
combinations of Xj , whereas for odd n the diago-
nalization of one real combination is necessary and
sufficient.
For even n = 2s, keeping the analogy to the case of
two observables, we define the s ”ladder” operators
a˜µ = Xµ+ iXµ+s and their s complex combinations
A˜µ(u, v) := uµν a˜ν + vµν a˜
†
ν = βµjXj , (20)
where βµν = uµν + vµν , βµ,s+ν = i(uµν − vµν). The
condition for the equality in (19) is the simultaneous
diagonalization of A˜µ(u, v):
A˜µ(u, v)|~z, u, v〉 = zµ|~z, u, v〉, (21)
µ = 1, . . . , s. In the minimizing states |~z, u, v〉 the
second moments of Xµ can be expressed in terms of
the first moments of their commutators:
σ = B−1
(
0 C˜
C˜T 0
)
B−1T, (22)
B =
(
u+ v i(u− v)
u∗ + v∗ i(v∗ − u∗)
)
,
where C˜µν =
1
2 〈[A˜µ, A˜†ν ]〉 and σ = σ( ~X ; z, u, v) is
the dispersion matrix. Note that here u, v and C˜
are s×s matrices, β is an s×n matrix, and B and σ
are n×n, n = 2s. We suppose that B is not singular.
For two observables, n = 2, we have β11 = u + v,
β12 = i(u − v), and C˜ = i(|u|2 − |v|2)[X1, X2], and
Eqs. (22) recover Eqs. (17). From Eq. (21) and
the equivalence ∆X (ψ) = 0 ↔ X |ψ〉 = x|ψ〉
it follows that the variance ∆Xi(~z, u, v) will tend to
zero when βµ,k → 0 for every k 6= i and at least for
one µ. If this can be managed for every i = 1, . . . , n
then the set of |~z, u, v〉 is a set of ideal SS for n ob-
servables.
A. Example 1: The canonical observables
LetXµ = qµ, Xs+µ = pµ, where pµ, qµ are s pairs of
canonical observables, [qµ, pν ] = iδµ,ν . In this case
a˜µ = aµ
√
2 and A˜µ = Aµ(u, v)
√
2, where Aµ(u, v)
are the Bogolyubov transforms of boson creation-
annihilation operators. Their common eigenstates
|~α, u, v〉 [Eq. (7)], were constructed in Ref. 37 and
studied in many papers41 (but with no reference to
7
the Robertson relation). Up to phase factors they
coincide with the multimode (canonical) SS’s41. We
note here that they are ideal SS’s for all pµ and qµ.
The proof is based on the fact that the uncertainty
matrix σ( ~Q), ~Q = (~p, ~q) is nonnegative definite and
can be diagonalized by means of linear canonical
transformations17,18: ~Q → ~Q ′ = Λ ~Q. The total
symplectic Λ preserves the equality in the Robert-
son relation22. The variances of the Λ-transformed
operators in the old state are equal to that of the
old operators in the new state, |ψ′〉 = U(Λ)|ψ〉,
where U is the unitary generator of the symplectic
transformation. So the new state is also Robert-
son optimal US if the old one is and vice versa.
However, |~α, u, v〉 = U(u, v)D(~α)|0〉, where the op-
erator U(u, v)D(~α) belongs to the semidirect prod-
uct group Sp(s,R)∧H(s). Thus the canonical mul-
timode SS’s are simultaneously L, D, and U CS.
Becuase of the canonical commutation relations,
the general expression [Eqs. (22)] for the uncertainty
matrix simplifies: In states |~α, u, v〉 the s× s matrix
C˜ is a multiple of the identity, C˜ = 1/2. As a result
σ( ~Q) becomes symplectic itself. In other parameters
this σ( ~Q) was calculated by Ma and Rhodes41.
The macroscopic superpositions |~α〉± of multi-
mode Glauber CS’s |~α〉 and | − ~α〉 [the even and
odd multimode CS’s (Refs. 56)] are eigenstates of
aµaν . Therefore |~α〉± minimize Robertson UR for
the quadratures of aµaν . Note that aµaν are mutu-
ally commuting Weyl ladder operators of the algebra
sp(n,R). Therefore |~α〉± are the BG-type CS’s for
sp(s,R)46.
B. Example 2: The three generators Ki of
SU(1, 1).
For odd number of observables the Robertson UR
is minimized in the eigenstates of their real com-
binations only. In this case the more general set
of eigenstates |z, u, v, w; k〉 of complex combination
uK− + vK+ + wK3 of Ki (the general operator of
suc(1, 1)) was constructed19,21. In terms of the or-
thonormalized eigenstates |k, k+n〉 of K3 the states
with u 6= 0 read
|z, u, v, w; k〉 = N
∞∑
n=0
(
− l+ w
2u
)n√
(2κ)n
n!
× 2F1
(
κ+
z
l
,−n; 2κ; 2l
l + w
)
|k, n+ k〉, (23)
where N is the normalization factor (the ex-
plicit form N (z, u, v, w, k) can be found in23),
l =
√
w2 − 4uv, (a)n is Pochhammer symbol and
2F1(a, b; c; z) is the Gauss hypergeometric function.
The states are normalizable if at least one of the two
inequalities |w ± √w2 − 4uv| < 2|u| holds. These
states minimize Robertson UR (19) for the three
operators Ki iff Imw = 0, v = u
∗. Among the
minimizing states there are the standard SU(1, 1)
CS’s |ξ; k〉, eq. (9), as well. The latter corre-
spond to u = cosh2r, v = sinh2r exp(2iθ), w =
sinh(2r) exp(iθ), where tanhr = |ξ| and θ = argξ +
π. Moreover, if one calculate all the first and the sec-
ond moments of Ki in |ξ; k〉57 one will find that they
minimize Schro¨dinger UR (15) for every pair Ki-Kj,
i.e. the standard SU(1, 1) CS’s exhibit maximal un-
certainty optimality. For the pair K1-K2 this prop-
erty of |ξ; k〉 was discovered in15. Furthermore the
CS’s |ξ; k〉 are the unique states to exhibit this maxi-
mal uncertainty optimality for the three observables
Ki. This unique property of |ξ; k〉 can be proved
most easily if one consider the system of three eigen-
value equations (no summation over i, j)
(βiKi + βjKj)|ψ〉 = zij |ψ〉, i < j, (24)
every one of which is necessary and sufficient |ψ〉 to
minimize (15) for Ki, Kj . In the standard SU(1, 1)
CS’s representation9 or in the BG analytic represen-
tation (24) is a system of ordinary differential equa-
tions. In the BG CS representation it is obeyed by
the analytic function exp(cη) of η, |c| ≤ 1, only, the
latter corresponding to the CS’s |ξ; k〉 (for details see
the Appendix in47). Let us recall however that these
group-related CS’s can’t exhibit squeezing in ∆K1
and ∆K2: (∆Ki)
2(ξ) ≥ k/2, i = 1, 2.
Similarly one can prove the maximal uncertainty
optimality of the standard SU(2) group-related
CS’s. These results can be extended to semisim-
ple Lie groups – the corresponding CS’s with low-
est/highest weight reference vector are unique to
minimize the Robertson UR for all generators and
for the quadratures of the Weyl ladder operators as
well.
6. CHARACTERISTIC UNCERTAINTY RE-
LATIONS AND THEIR STATE EXTENSIONS
From the matrix theory is known58 that detM is
an invariant (under similarity transformations) char-
acteristic coefficient of a matrix M . For an n × n
matrix there are n such invariant coefficients C
(n)
r ,
r = 1, 2, . . . , n, defined by means of the secular equa-
tion
0 = det(M − λ) =
n∑
r=0
C(n)r (M)(−λ)n−r. (25)
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The characteristic coefficients C
(n)
r are equal58 to
the sum of all principal minors M(i1, . . . , ir;M) of
order r. One has C
(n)
0 = 1, C
(n)
1 = TrM =
∑
mii,
and C
(n)
n = detM . For n = 3 we have, for example,
three principle minors of order 2.
In these notations Robertson inequality (19) reads
as C
(n)
n
(
σ( ~X)
)
≥ C(n)n
(
C( ~X)
)
. Inasmuch as the
principal submatrices of order r of the dispersion
matrix and of the mean commutator matrix are in
fact again dispersion and mean commutator matri-
ces for the r observables, the Robertson UR was
extended24 in an invariant manner to all character-
istic coefficients in the form
C(n)r [σ( ~X)] ≥ C(n)r [C( ~X)], (26)
r = 1, 2, . . . , n. These invariant relations were called
characteristic uncertainty relations24. Robertson re-
lation (19) is one of them, and can be called the nth-
order characteristic inequality. Schro¨dinger UR (15)
in the characteristic form reads as C
(2)
2 [σ(X,Y )] ≥
C
(2)
2 [C(X,Y )].
The minimization of the first-order inequality in
expression (26), Tr σ( ~X) = TrC( ~X), can occur in
the case of commuting operators only, as TrC( ~X) ≡
0. An important example of minimization of the
second-order inequality was pointed out in Ref. 24.
The spin and quasi-spin CS’s |τ ; j〉 and |ξ; k〉 min-
imize the second-order characteristic inequality for
the three generators J1,2,3 and K1,2,3 respectively.
From the results of Section 5 (see also Ref. 47) it fol-
lows that the standard SU(1,1) and SU(2) CS’s are
the unique states that minimize simultaneously the
second- and the third-order characteristic inequali-
ties for the corresponding three generators.
The characteristic inequalities relate combinations
C
(n)
r [σ( ~X ; ρ)] of second moments of X1, . . . , Xn in
a (generally mixed) state ρ to the combinations
C
(n)
r [C( ~X ; ρ)] of first moments of their commuta-
tors in the same state. However, there is no prin-
cipal problem with which to compare the statistical
properties of observables in different states. From
the mathematical point of view the derivation of the
state-extended characteristic UR’s resorts on two
simple matrix properties: (a) The sum of symmetric
(antisymmetric) matrices is again a symmetric (anti-
symmetric) matrix and (b) the sum of nonnegative-
definite matrices is again a nonnegative-definite ma-
trix. The symmetricity of σ( ~X), the antisymmetric-
ity of C( ~X), and the nonnegativity of σ( ~X) and of
R( ~X) = σ( ~X) + iC( ~X) are the crucial properties,
that the Robertson derivation of the inequality (19),
and of (26) as well, relies on38 (see also the proof in
Ref. 47). Therefore we can rewrite the characteristic
UR’s for the sum of several uncertainty and mean
commutator matrices that correspond to different,
generally mixed, states ρm, m = 1, . . . ,ms,
C(n)r
[∑
mσ(
~X ; ρm)
]
≥ C(n)r
[∑
mC(
~X ; ρm)
]
.
(27)
These are extended characteristic uncertainty in-
equalities for n observables (extended to several
states). For r = n in inequality (27) we have the
extension of the Robertson relation to the case of
several states
det
[∑
mσ(
~X, ρm)
]
≥ det
[∑
mC(
~X, ρm)
]
.
(28)
Inasmuch as det
∑
σm 6=
∑
detσm these are in-
deed new uncertainty inequalities, which extend the
Robertson inequality to several states. We note that
extended relations (27) and (28) are invariant under
the nondegenerate linear transformations of the op-
erators X1, . . . , Xn. If those operators span a Lie
algebra, then we obtain the invariance of inequal-
ity (27) under the Lie group action in the algebra.
If in pure states |ψm〉 inequality (28) is minimized,
then it is minimized also in the states U(g)|ψm〉 as
well, where U(g) is the unitary representation of the
group G. For two observables X and Y and two
states |ψ1,2〉 that minimize Schro¨dinger inequality
(15), inequality (28) produces
1
2
[∆XX(ψ1)∆Y Y (ψ2) + ∆XX(ψ2)∆Y Y (ψ1)]
−∆XY (ψ1)∆XY (ψ2)
≥ 1
4
〈ψ1|[X,Y ]|ψ1〉〈ψ2|[Y,X ]|ψ2〉, (29)
where, for the sake of symmetry, the variance (∆X)2
of X in |ψ〉 was denoted as ∆XX(ψ). One can prove
that this UR remains valid for any state59. It can be
considered one of the basic UR’s for quantum states.
One can see that, if the two states coincide, inequal-
ity (29) recovers inequality (15). The minimization
properties of the extended UR’s remain to be con-
sidered elsewhere. Here we note that for X = q and
Y = p, inequality (29) is saturated by any two Fock
states, Glauber CS’s, or both, for example. The rela-
tion is also minimized in two equally squeezed states
|α1, u, v〉 and |α2, u, v〉, Im(uv∗) = 0.
It is worth noting that, at X = Y , UR (29), and
(15) as well, does not survive. This result encour-
aged me to look for an UR for two states and one
observable. One solution is (〈i|X |j〉 = 〈ψi|X |ψj〉)
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[
(∆X(ψ1))
2 + 〈1|X |1〉2] [(∆X(ψ2))2 + 〈2|X |2〉2]
≥ ∣∣〈1|X2|2〉∣∣2 . (30)
Both inequalities (15) and (30) follow from the
Schwarz inequality, |〈Ψ1|Ψ2|2 ≤ ||Ψ1||2||Ψ2||2, with
suitably chosen |Ψ1〉 and |Ψ2〉. Inequality (29) is
different.
The extended UR can be used for construction
of distances between quantum states. One simple
new distance is based on UR (30), D2[ψ1, ψ2] =
2 (1− g(ψ1, ψ2;X)), where
g(ψ1, ψ2;X) =
∣∣〈ψ2|X2|ψ1〉∣∣
(〈ψ1|X2|ψ1〉〈ψ2|X2|ψ2〉)1/2
,
(31)
and X is any continuous or strictly positive observ-
able. In this case g(ψ1, ψ2;X) = 1 if and only if
|ψ1〉 = |ψ2〉, and D2[ψ1, ψ2] does satisfy all the re-
quirements for a distance. In particular one can take
X = 1, which reproduces the well known Bures–
Uhlmann distance (see the references in Ref. 60).
In this way we establish the relation between the
extended UR and the polarized distances60.
Finally it is worth noting that every extended
characteristic inequality can be written in terms
of two new positive quantities, the sum of which
is not greater than unity. To this end we put
C
(n)
r [σ( ~X, ρ)] = αr(1− P 2r ), where 0 ≤ P 2r ≤ 1 (i.e.,
1 − P 2r ≤ 1) and αr 6= 0. For r = n one has (omit-
ting index r = n) detσ( ~X, ρ) = α (1 − P 2). αr may
be viewed as scaling parameters. Then we can set
C
(n)
r [C( ~X, ρ)] = αrV
2
r and obtain from inequality
(26) the inequalities for Pr and Vr, r=1,. . . ,n,
P 2r ( ~X, ρ) + V
2
r ( ~X, ρ) ≤ 1. (32)
The equality in expression (32) corresponds to the
equality in expression (26) or (27). Pr, Vr are func-
tionals of the state ρ [or of ρ1, ρ2, . . . in the case
of extended inequalities (27)]. These can be called
complementary quantities, and the form (32) of the
extended characteristic relations can be called com-
plementary form. Let us note that Pr and Vr are
not uniquely defined by σ and C; they depend on
the choice of the scaling parameter αr. In the case
of bounded operators Xi (say, spin components)
the characteristic coefficients of σ and C are also
bounded. Then αr can be taken as the inverse max-
imal value of C
(n)
r (σ). For one state and two ob-
servables with only two eigenvalues each, the com-
plementary inequality (32) was recently considered
in the important paper by Bjo¨rk et al25. In this
case the meaning of the complementary quantities P
and V was elucidated to be that of the predictabil-
ity (P ) and the visibility (V ) in the welcher weg
experiment25.
It is worth underlining that we have considered
the developments of generalization of the SS’s and
UR’s mainly along the lines of characteristic in-
variants of the uncertainty matrix. Schro¨dinger
UR (12) is the simplest ordinary characteristic UR.
Other types of ordinary UR’s are also discussed in
the literature17,22 ,61−65; UR for higher moments
and universal invariants62, trace-class UR’s17,22,
parameter-based UR’s63, minimal-length UR’s64,
etc. For an exhaustive list of references through
1986 see the review in Ref. 61.
7. CONCLUSION
The set of the characteristic uncertainty relations
(UR’s) and the related squeezed states (SS’s) are
briefly reviewed and compared in accordance with
the generalizations of the three equivalent definitions
of the canonical coherent states (CS’s). It was shown
that the multimode canonical SS’s are the unique
states (so far) for which the three definitions are
equivalently generalized, where the basic uncertainty
relation being that of Robertson (19). It was noted
that the group-related CS’s with the lowest (high-
est) weight reference vector minimize the Robert-
son relation for all generators and for the quadra-
tures components of the Weyl ladder operators as
well. The minimization of the other characteristic
inequalities [inequality (26)] can be used for finer
classification of group-related CS’s. The standard
SU(1,1) CS’s were shown to be the unique states
that minimize the third- and the second-order char-
acteristic inequalities for the three generators. For
two observables a new inequality, less precise than
that of Heisenberg, is described that is minimized in
Barut-Girardello-type CS’s only.
It was proved that the characteristic uncertainty
inequalities can be naturally extended to the case of
several states. The state-extended uncertainty in-
equalities can be used for the construction of dis-
tances between quantum states. Further properties
and applications of the new uncertainty relations re-
main to be considered elsewhere.
It was also shown here that the characteristic in-
equalities can be written in complementary form in
terms of two positive quantities less than unity. In
the case of one state and two observables with two
eigenvalues each, the meaning of these complemen-
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tary quantities were recently elucidated25 to be that
of the predictability and visibility in the welcher weg
experiment.
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